In this paper, an efficient numerical technique for the time-fractional telegraph equation is proposed. The aim of this paper is to use a relatively new type of B-spline called the cubic trigonometric B-splines for the proposed scheme. This technique is based on finite difference formulation for the Caputo time-fractional derivative and cubic trigonometric B-splines based technique for the derivatives in space. A stability analysis of the scheme is set up to affirm that the errors do not amplify. Computational experiments are carried out in addition to verify the theoretical analysis. Numerical results are compared with some existing techniques and it is concluded that the present scheme is more accurate and effective.
Introduction
In recent years, the tools of fractional calculus have been successfully used to describe many physical phenomena in science and engineering [1] [2] [3] . Recently, there have been reporting of many applications typically expressed by fractional partial differential equations (FPDEs). The importance of FPDEs lies in the fact that the solutions offered by FPDEs have descriptions that well approximate the chemical, physical and biological phenomena than their integer order counterparts. As a result, FPDEs have attained special status among scientists and engineers.
A number of phenomenon such as propagation of electric signals [4] , transport of neutron in a nuclear reactor [5] and random walks [6] are described by a class of hyperbolic partial differential equations called the fractional telegraph equations [7] . The general form of the time-fractional telegraph equation is given by
a ≤ x ≤ b, 1 < γ < 2, 0 ≤ t ≤ T.
( 1.1) with initial conditions u(x, 0) = φ 1 (x), u t (x, 0) = φ 2 (x) (1.2) and the boundary conditions u(a, t) = ψ 1 (t),
where a, b, φ 1 (x), φ 2 (x), ψ 1 (t) and ψ 2 (t) are given and ∂ γ ∂t γ u(x, t) represents the Caputo fractional derivative of order γ given by [1] [2] [3] 
∂s n , γ = n.
(1.4)
In addition, γ 1 , γ 2 , γ 3 are given constants. Note that in case of γ = 2, Eq. The principal purpose of this paper is to present a numerical scheme for the timefractional telegraph equation that is computationally efficient and provides better results than some existing numerical procedures [8] [9] [10] . To authors knowledge this paper is first attempt towards finding the numerical solution of time-fractional telegraph equations using cubic trigonometric B-splines. A detailed stability analysis of the scheme is presented to assert that errors do not amplify. Numerical experiments are performed to further set the accuracy and validity of the technique.
The rest of the paper is organized as follows. In section 2, the numerical scheme primarily based on cubic trigonometric B-splines is derived in detail. Section 3 discusses the stability analysis. Section 4 indicates a comparison of our numerical consequences with those of [8] [9] [10] . Section 5 summarizes the conclusions of this study.
The Derivation of the Scheme
For given positive integers M and N, let τ = T N be the temporal and h = b−a M the spatial step sizes respectively. Following the usual notations, set t n = nτ (0 ≤ n ≤ N),
Let u n j be approximation to exact solution at the point (x j , t n ) and A = {u
where a = x 0 < x 1 < ... < x n−1 < x M = b. Our scheme for solving (1.1) requires approximate solution U(x, t) to the exact solution u(x, t) in the following form [22, 23] U(x, t) =
where c i (t) are unknowns to be determined and T B 4 i (x) [24] are twice differentiable cubic Trigonometric basis functions given by
Due to local support property of the cubic trigonometric B-splines only T B 
(2.
3)
The time dependent unknowns c n j (t) are to be determined by making use of the initial and boundary conditions, and the collocation conditions on T B 4 i (x). As a result the approximations u n j and its necessary derivatives are given as:
(u 
+ 4 cos (h)
.
Following [9] , the fractional derivatives ∂ γ ∂t γ u(x, t) and
∂t γ−1 u(x, t) are discrtetized as:
where
and b k = (k + 1)
It is straight forward to confirm that
To obtain temporal discretization, we substitute (2.5) and (2.6) into (1.1) to get:
It is observed that the term u −1 will appear when n = 0 or k = n. Using the central forward difference formula, we utilize the given initial condition to obtain
from where we observe that u
To obtain full discretization, we substitute the approximations (2.4) into (2.7) and get
The equation (2.9) consists of (N − 1) linear equations in N + 1 unknowns. To obtain a unique solution to the system, we need two additional equations which can be obtained by utilizing the given boundary conditions (1.3). As a result a diagonal matrix of dimension (N + 1) × (N + 1) is obtained which can be solved by using any suitable numerical algorithm.
Stability Analysis
This section deals with the stability analysis of the fully discrete scheme (2.9). By Duhamels' principle [25] it can be concluded that the stability analysis for an inhomogeneous problem is a direct outcome of the analysis for the corresponding homogeneous case. So it is sufficient to present the stability analysis for the force free case f = 0. In this study, we assume the growth factor of a Fourier mode to be σ k j and letσ
, we obtain the following round off error equation
The error equation satisfies the boundary conditions
and the initial conditions
Define the grid function
Note that the Fourier expansion of
T and introduce the norm:
By Parseval equality, it is observed that
so that the following relation is obtained
Suppose that equations (3.1)-(3.3) have solution of the form E n j = ξ n e iβjh , where i = √ −1
and β is real. Substituting this expression into (3.1), dividing by e iβjh , using the relation e −iβh + e iβh = 2cos(βh) and collecting the like terms, we obtain
Without loss of generality, we can assume that β = 0, so that (3.5)reduces to
Proof. Mathematical induction is used to prove the result. For n = 0, we have from equation (3.6) that ξ 1 = 2+γ 1 ∆t ν ξ 0 and since | 2+γ 1 ∆t ν | ≤ 1, therefore
Now suppose that |ξ n | ≤ 2|ξ 0 |, n = 1, · · · , T × N − 1 so that from (3.6), we obtain 
Concluding Remarks
This study presents a numerical technique based on cubic trigonometric B-spline for the time-fractional telegraph equation. The scheme utilized the usual finite difference scheme to approximate the Caputo time-fractional derivative and the derivative in space are approximated using the cubic trigonometric B-spline basis functions. A special attention has been given to study the stability analysis of the scheme. The obtained results are compared with those of some existing techniques. The comparison reveals that the presented scheme is comparable with other existing techniques for time-fractional telegraph equation in terms of accuracy, flexibility and efficiency. Moreover, the scheme can be applied to a large class of fractional order partial differential equations.
